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Abstract 

We consider time-periodic patterns of the dissipative three dimen- 
sional baroclinic quasigeostrophic model in spherical coordinates, under 
time-dependent forcing. We show that when the forcing is time-periodic 
and the spatial square-integral of the forcing is bounded in time, the 
model has time-periodic solutions. 
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1 Introduction 



The three dimensional baroclinic quasigeostrophic model is an approximation 
of the rotating Euler (inviscid case) or Navier-Stokes (viscous case) equations 
in the limit of zero Rossby number, i.e., at asymptotically high rotation rate; 
see, for example, i, §, |], §, §, §, and 0. 

The well-posedness for the invisid three dimensional baroclinic quasigeostrophic 
model was studied in, for example, || and and for the viscous three di- 
mensional baroclinic quasigeostrophic model in ||. The invisid baroclinic 
quasigeostrophic model is a Hamiltonian system (||10||). The work mentioned 
above and most other research about the baroclinic quasigeostrophic model 
has been on the Cartesian, (3— plane version of this model. 

Wang (|TT|]) discussed global attractors for the viscous three dimensional 
baroclinic quasigeostrophic model in sphericcal coordinates, under time-independent 
forcing. 

In this paper, we consider the same viscous three dimensional baroclinic 
quasigeostrophic model, but under time-dependent forcing. We show that 
when the forcing is time-periodic and when the spatial square-integral of 
the forcing is bounded in time, the forced viscous three dimensional quasi- 
geostrophic model has time-periodic solutions. We use a topological technique 
from nonlinear global analysis ( ||1 2|| ) . 



2 Dissipative Dynamics and Time- Periodic Mo- 
tion 

We consider the three dimensional baroclinic quasigeostrophic equation, in 
nondimensional form, for the atmospheric dynamics in spherical coordinates 



9, C as in 1 11 



(A4>) t + J($,RoAip + 2co80)--^A 2 il> = /(0,0,C,*), (1) 

where i/j(<p,9,(j't) is the stream function, 9, C> t) is the time-dependent 
forcing such as external source of heating, and Ro, Re are the Rossby number, 
Reynolds number, respectively. The space domain for the equation is D = 
S 2 x (Co, 1) with S 2 the two dimensional unit sphere and Co fixed: 1 > Co > 0. 
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The operators appeared in the equation (]]]) are 

Id d Id 2 

A = ——[—(sind—) + 



sinO 86 86 sin6 dcp 2 

A = A + |-(iV 2 ^-), 
8C 8C, 1 

j . . dp 1 8q 1 dp dq 

06 sin6 d(f) sind 8(f) 86 ' 

where N((f), 6,() > is a known smooth function related to the stratification 
frequency. 

The equation flU) is supplemented by the following boundary and initial 
conditions 

% + = *M + a ^ = if C = l, (3) 

Vi=o = MMQ, (4) 

where a(0, 6 1 ) > is a known smooth function related to heat transfer between 
the atmosphere and the earth, and ipo is initial data. 

Ddenote L 2 (D) as the space of square-integrable functions, with the stan- 
dard norm || ■ ||. The problem d), (g, (|), (|) is well-posed (|TJ) in L 2 (D), 
with solution ^(0) C> a t least continuous in time t. 

We address the issue of whether there are any time-periodic solutions in the 
nonlinear forced dissipative quasigeostrophic dynamics modeled by flU), (@, @. 
To this end we further assume that the forcing f(t) := f(<ft, 6, (, t) is periodic 
in time with period T > 0, and the spatial square-integral of the forcing ||/(£)|| 
is bounded in time, i.e., is bounded by a time-independent constant. 

Then we can follow |IT[ exactly to show that there is a bounded absorbing 
set in L 2 (D) (we omit this part). That is, all solutions if) enter a bounded set 
{ijj : ||<0|| < C(Re, Ro)} as time goes to infinity. The system ([!]), (g, (|3]) is 
therefore a dissipative system as defined in [T2[] (also or JC3||). 

We now recall a result from fl2f , page 235, that a T— time-periodic nonau- 
tonomous dissipative dynamical system in a Banach space has at least one 
T— time-periodic solution. This result follows from a Leray-Schauder topolog- 
ical degree argument and the Browder's principle ([0)- So the system (fj), 
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(0), (Q) has at least one T— time-periodic solution starting from some initial 
data ip Q . Therefore we have the following result. 

Theorem 1 Assume that the forcing /(</>, 9, £, t) is time-periodic with period 
T > 0, and its spatial square-integral with respect to <fi, 9, £ is bounded in time. 
Then the forced viscous three dimensional baroclinic quasigeostrophic model 

Md,(,t), (5) 

*K = Co, (6) 

i/C=l, (7) 
(8) 

has at least one time-periodic solution with period T > 0, for some square- 
integrable initial data 

3 Discussions 

Forced coherent structures in the two dimensional baroclinic model were stud- 
ied in ||15|| . A wind forced two dimensional baroclinic model was also used 
in the study of multiple geophysical equilibria (e. g., JTo]). In general, it 
is very difficult to show existence of periodic coherent structures in spatially 
extended physical systems. In this paper, we have shown that the three dimen- 
sional time-periodic quasigeostrophic patterns may form due to time-periodic 
forcing such as external source of heating. 
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